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Markov and n0n-Markov forms of the diffusion equations a re  obtained, and they a re  analyzed 
in t ranslat ional ly  invariant sys tems .  The relat ionships between the diffusion flux and the 
thermodynamic  force are  discussed.  The inertial  effects in Brownian par t ic le  diffusion and 
s tochast ic  models related to the hyperbolic diffusion equation are  examined. 

One of the problems of the theory of high-speed p rocesses  is the analysis  of the general  s t ruc ture  of 
the t ranspor t  equations and the investigation of the s p a c e - - t i m e  var iance of the nonequilibrium kinetic co-  
efficients [1-5]. Since in the major i ty  of cases  the approximate calculation of kinetic coefficients is r e -  
lated to the approximation of the real  t ranspor t  p rocess  by a s tochast ic  model, it is interest ing to descr ibe  
high-speed t ranspor t  p rocesses  di rect ly  in the terminology of s tochast ic  representa t ions .  

The phenomenon of diffusion of nonmutually interacting par t ic les  and of self-diffusion in c lassical  
sys tems  is analyzed in this paper  on the basis  of a model descr ipt ion for which the par t ic le  velocity u(t) is 
approximated by some random process ,  whose stat is t ical  proper t ies  qualitatively reflect  real i ty.  The 
c lass ical  example of such an approximation is Brownian motion theory,  in which u(t) is considered as a 
Gaussian p rocess .  As is known, this theory descr ibes  well the situation for which a change in part icle  
velocity because of interact ion with the surrounding medium is sufficiently small .  In the more  general  
case of s t rong changes in the velocity (linear Boltzmann sys tems)  a jump process  can be used to approxi-  
mate u(t), as has been shown by Tolubinskii [6, 7]. 

The motion of individual par t ic les  in d iverse  physical  sys tems  can be described,  on the average,  in 
the terminology of the probabil i ty P(t~ r ;  t 0, r 0) of a par t ic le  going f rom the point r0 where it is at the 
t ime to, to the point r at the t ime t. In the hydrodynamic limit P sat isf ies the known parabol ic  diffusion 
equation (the approximation of a random diffusion process  [8]). The situation is considerably more  com- 
plicated for smal l  t imes and high space gradients  because of the influence of the detailed s t ruc ture  of the 
par t ic le  velocity fluctuations on its motion in coordinate space in this case.  These fluctuations depend on 
the nature of the forces  acting on the par t ic le  and can differ substantially in different physical  sys tems .  

The discuss ion of the possible forms of the equations descr ibing diffusion for small  t imes is indeed 
the subject of this paper.  

D e r i v a t i o n  o f  t h e  F u n d a m e n t a l  E q u a t i o n s  

The s tochast ic  equation descr ibing par t ic le  motion in coordinate space is 

dr (t) _ u (t, r (0) .  (1) 
dt 

We assume here  that the random field u is defined by its corre la t ion  functions. For  each t ra jec to ry  u(t, 
r), a probabil i ty density "not averaged" in r - s p a c e  p(t, r) can be introduced. Thus, if it is assumed that 
the par t ic le  is at the point r 0 at t = 0, and ru(t) denotes the solution of (1) for a specific function u(t, r) 
with ru(0) = r0, then 

(t, r) = ~ ( r - -  r,~ (t)). (2 )  
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The des i r ed  probabi l i ty  densi ty  P(t,  r)  is found by ave rag ing  (2) over  all  poss ib le  rea l iza t ions  u(t, r)  

P (t, r) = < 6 (r - -  r,, (t)) > ~ MI~ (t, r), (3) 

where  M is the m a t h e m a t i c a l  expecta t ion  opera t ion.  The continuity equation 

0~ _ V (V + v) ~t, (4) 
0t 

follows f rom the defini t ion of ~(t, r ) ,  where  V = (u(t, r ) ) ,  v = u - -  V. 

Since the o p e r a t o r s  M and (I - -  M) a r e  orthogonal  pro jec t ions ,  we obtain in the cus tomary  pro jec t ion  
s c h e m e  [9] 

t 

OR(t, r) ~ -v.VP(t, r ) : - V .  ('dt'<v(t)U(t, t ' )~ .v( t ' ) )P(t ' ,  r), (5) 
Ot J 

o 

where  
t 

u(,, ,') = Texp i'  V(tl)+ ( , - -  M) }. 
t" 

Within the f r a m e w o r k  of the s tochas t i c  approach  a s s u m e d  here ,  the equation obtained is exact  and 
valid in al l  phys ica l  s i tuat ions in which the pa r t i c l e  veloci ty  can be approx imated  by an a r b i t r a r y  r andom 
p r o c e s s .  He re  (5) has  an in tegrodi f fe ren t ia l  of "non-Markov"  fo rm.  This  is a r e su l t  of the f ini teness  of 
the ve loc i ty  c o r r e l a t i o n  t ime ,  which r e s u l t s  in the p r o c e s s  r( t)  not being a Markov p r o c e s s .  

However ,  a d i f fe rent ia l  "Markov"  f o r m  of the exact  diffusion equation is poss ib le .  The effects  of 
r e m e m b e r i n g  the p r o c e s s  r(t)  a r e  hence re f l ec ted  in the t ime  dependence of the d i f ferent ia l  equation o p e ra -  
t o r .  Let  us in t roduce  the evolution ope ra t o r  S(t, t ' )  of (4): 

t 

S(t, t') : Texp {--~,.  ([V(t~) -j- v(tl)]dt ~ I" (7) 

It follows f r o m  the definit ion of S(t, t ' )  that  

,it ( r )  = s -1 (t, r )  ~, (t) (8 )  

f r o m  which by taking account  of the identi ty 

we obtain, analogously  to [10], 

p (t') = M s  -1 (t, r )  [p (t) + (i - -  M) ~ (t)] (9) 

where  

ap (t, r) i v .VP(t ,  r)=G(t)P(t ,  r), (10) 
Ot 

G (t) = < VV (t) [I + X (01-1X ( t ) ) ,  (11) 
t 

x (t) = S u (t, r)-~v (r) M S  -1 (t, r )  dr .  (12) 
0 

A n a l y s i s  o f  t h e  D i f f u s i o n  E q u a t i o n s  i n  

T r a n s l a t i o n a l l y  I n v a r i a n t  S y s t e m s  

Let  v(t) be independent of r and V = const .  This  c~{se can be r ea l i zed  in pa r t i c l e  motion under  the 
effect  of a constant  force  field in a homogeneous  the rmodynamica l ly  equi l ibr ium medium,  say,  when the 
p e r t u r b a t i o n  it exe r t s  on the spat ia l  d i s t r ibut ion  of med ium pa r t i c l e s  is negligible.  

Let  us examine  the gene ra l  s t r u c t u r e  of the diffusion equations which take account  of the influence of 
equ i l ib r ium p a r t i c l e - v e l o c i t y  f luctuations on i ts  mot ion in coordinate  spa_~ce by a s suming  the init ial  veloci ty  
d is t r ibut ion  to be equi l ibr ium.  Since the t r a n s f o r m a t i o n  P'  (t, r )  -- exp (~rVt) P(t ,  r) p e r m i t s  e l iminat ion  of 
the convect ive  t e r m  in (5) and (10) in this ease ,  we shal l  hencefor th  seek  it  by consider ing such a t r a n s f o r -  
mat ion  c a r r i e d  out. 

1. An e x p r e s s i o n  fo r  the diffusion flux ] (t, r )  "in the f o r m  of a convolution of the t he rmodyna mic  
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force  with the ope ra to r  ke rne l*  follows f r o m  (12): 
t 

j(t, r) = - - . i '  at' ( vU(0, ( ) v ( ( ) )  .vP(t--t ' ,  r). 
0 

Expanding U in a s e r i e s  in V and introducing the notation 

t '  fn--3 

d n(t ' )=Sdtx. . .  S dtn-2 (v( t ' ) ( I -M)v( t~) ' ' ' ( I -M)v( tn-~-)v) '  
0 0 

we r e p r e s e n t  (13) as  

(13) 

(14) 

t 

j(t, r ) =  (--1F-~[d,~(t'):~-~p(t--(, r) d/', (15) 
n = 2  0 

where  the product  of the vec to r s  is unders tood to be a t ensor ,  and the colon defines the convolution ope ra -  
tion; (15) yields  a dependence of the diffusion flux on the power  of the densi ty  gradient  which is not local 
in t ime .  The exp re s s ion  (13) can a l so  be r e p r e s e n t e d  as  

i 

j(t, r) = - - . i '  dt'~dr'D(t', r ' ) .  vP(t--t ' ,  r - - r ' ) ,  (16) 

where  0 
O(t, r) = ( vU(0, t)v(t) ) 5(r); (17) 

and (16) is analogous to the main  re la t ionship  in the t he rmodynamics  of i r r e v e r s i b l e  p r o c e s s e s  [12] 

i (co, k) = -- D(0) (~, k) �9 ikP (co, k), (18) 

in which, however, 

D (~ (c0, k) = ( jj (t, r) ) ~.l, (19) 

is a diffusion coefficient  pos se s s ing  a s p a c e - -  t ime  var iance ,  independent of the the rmodynamic  force  (ikP). 
The re la t ionship  (18) holds in the f i r s t  o rde r  of the t he rmodynamic  fo rce .  In this ease  it follows f r o m  the 
exact  exp res s ion  (16) in the f i r s t  o rde r  in M upon the expansion of U in (13). 

An ana lys i s  of the "Markov"  f o r m  of the diffusion equation (10) r e su l t s  in a different  expansion of the 
diffusion flux in a power  s e r i e s  in the densi ty gradient  f rom (15). Expanding (11) in a power  s e r i e s  in 
and introducing the notation 

t t n_  2 

D~ (0 = ~cltr.. !" dt,~-i < v ( t ) . . . v ( t , , )  ) c ,  (20) 
o 5 

where (v ( t l ) . . . v ( tn ) )  c a r e  the s e m i - i n v a r i a n t s  of the veloci ty  co r re l a t ion  functions, we obtain 

j(t, r )=  ~(--1)~-lD,,(t):v~-lp(t, r). (21) 
n ~ 2  

It must  be noted that  this r e su l t  can a l so  be obtained by a m o r e  d i rec t  means  by expanding S(t, t ' )  in 
s e m i - i n v a r i a n t s  of the co r r e l a t i on  functions v(t) analogously to [13-15]. However,  the der iva t ion  of (10) 
e s t ab l i shes  a d i rec t  connection between the different ia l  and in tegrodi f ferent ia l  f o rms  of the diffusion equa-  
t ions .  

However ,  (21), in con t ras t  to (15), is a local f o rm of the dependence of the f lux  on the powers  of the 
densi ty  g rad ien t s .  Taking (21) into account,  the "Markov"  fo rm of the diffusion equation becomes  

op (t, r) 
Ol Z ( -  1)~ D~ (l) : ~ P (l, r). (22) 

n = 2  

Hence (15) and (21) can r e p r e s e n t  the bas i s  for  an approx ima te  ana lys i s  of fas t  diffusion p r o c e s s e s  at 
smal l  g rad ien t s .  However ,  it must  be kept in mind that these  expansions a r e  not equivalent .  Thus,  i t  
will be shown below that  by conserving the f i r s t  t e r m s  in (15) and (21), we shall  a r r i v e  at dist inct  diffu- 
sion s i tuat ions .  

2. The coeff icients  Dn and dn with odd n a r e  ze ro  in the absence  of ex te rna l  fields in an i so t ropic  

*An expression analogous to (13) has been obtained in [5, II] in the case of particle diffusion in a linear 
Boltzmann system by the direct application of the projection operators method to the kinetic equation. 
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m e d i u m .  In th is  c a s e ,  (5) and (10) d e s c r i b e  the  f r e e  r e l a x a t i o n  of a r b i t r a r y  spa t i a l l y  i nhomogeneous  d e n -  
s i t y  d i s t r i b u t i o n s .  

Le t  us  c o n s i d e r  the  a p p r o x i m a t i o n  a s s o c i a t e d  with the  p o s s i b i l i t y  of d e s c r i b i n g  such  r e l a x a t i o n  by  a 
p a r a b o l i c  d i f fus ion  equa t ion  and the p o s s i b i l i t y  of t h e r e b y  a p p r o x i m a t i n g  the mo t ion  in coo rd ina t e  s p a c e  by  
a M a r k o v  r a n d o m  p r o c e s s .  When  the  in i t ia l  d i s t r i b u t i o n  P(0,  r )  p o s s e s s e s  a bounded F o u r i e r  s p e c t r u m  
(P(0, k) -=- 0 fo r  k > kmax)  it is  conven ien t  to  go o v e r  to  the  F o u r i e r  r e p r e s e n t a t i o n  and to w r i t e  P(t ,  k) as  

t 

P (t, k) ---- ( exp [ i k . . I  v (t') dr'] > P (0, k). (23) 
0 

An e x p r e s s i o n  s i m i l a r  to  (23) has  b e e n  s tud ied  in [16], w h e r e  it is shown tha t  fo r  t >> r v, Tkl  = (I/3)k2 (V2>TV 
<< T V 1 

P (t, k) = P (0, k) exp ( - -  t/Tk). (24) 

Hence ,  1 a s a t i s f i e s  the  p a r a b o l i c  d i f fus ion  equa t ion  

OP(t, r) DAP (t, r), (25) 
ot 3 

w h e r e  D = (1 /<v  2) ) i s  the  d i f fus ion  coef f ic ien t ,  and r v = (1/<v2)) I < v ' v ( t ) ) d t .  T h e r e f o r e ,  the  p a r a b o l i c  
0 

equa t ion  (25) is  a p p l i c a b l e  to  the  d e s c r i p t i o n  of the  r e l a x a t i o n  of s l igh t ly  i nhomogeneous  dens i ty  p e r t u r b a -  
t ions  k2max << 3f<v2)l"v a t  the  time" of l a r g e  t i m e s  and ve loc i t y  c o r r e l a t i o n s  r v.  

T o  i n v e s t i g a t e  the  d o m a i n  of a p p l i c a b i l i t y  of (25) in the  m o r e  g e n e r a l  c a s e  of s t r o n g l y  loca l i zed  p e r -  
t u r b a t i o n s  [when P(t ,  r )  con ta ins  a F o u r i e r  componen t  and with l a r g e  k],  le t  us e x a m i n e  the  a p p r o x i m a t i o n  
a s s o c i a t e d  with  the  d e r i v a t i o n  of (25) f r o m  the exac t  equa t ion  (22) fo r  P(0,  r )  = 6(r) .  Let  us r e p r e s e n t  the 
f o r m a l  so lu t i on  of (22) as  

[2' P(t,  ~dt'D~(t'):-V2n]P(~ r), (26) r) = exp 
n = 2  0 

w h e r e  
t 

pc0) (t, r) = exp [~ dt'D2(t'): ~ ] 6  (r) (27) 
0 

J 

which  is  a so lu t ion  of (25) fo r  t >> r v. Expanding(0) the  exponen t ia l  o p e r a t o r  in (26) in a p o w e r  s e r i e s  in the 
g r a d i e n t s ,  t ak ing  account  of t h e i r  e f fec t  on P fo r  t >> rv ,  and e s t i m a t i n g  the  g e n e r a t o r  t e r m s  by a s s u m -  
ing tha t  D2n(~) < ((vZ>/3)nr2v n-1 [14, 16], we obta in  P(t ,  r )  = P(~ r )  for  t ~> r v and r 2 << Dt. T h e s e  condi -  
t ions  indeed  e s t a b l i s h  the d o m a i n  of a p p l i c a b i l i t y  of (25) in the e a s e  of l oca l i zed  dens i ty  p e r t u r b a t i o n s .  
H o w e v e r ,  it m u s t  be  noted tha t  the  e s t i m a t e s  p r e s e n t e d  fo r  D2n(~) a r e  not va l id  when v(t) can  be a p p r o x i -  
m a t e d  in the  a s y m p t o t i c  by a 5 - c o r r e l a t e d  p r o c e s s  of the  pu l s e  no i se  type  which r e s u l t s  in a g e n e r a l i z e d  

P o i s s o n  p r o c e s s  r ( t ) . *  

Le t  us  c o n s i d e r  a quant i ty  c h a r a c t e r i z i n g  the  p e r t u r b a t i o n - p r o p a g a t i o n  ve loc i t y  

d 
c (t) = - ~ -  V < r ~ (t) > .  

t 

It is  known tha t  c(t) ~ oo fol lows f r o m  (25) as  t -  0. F r o m  the exac t  equat ions  <r2(t)} = 25 :  i' D2(t ' )dt '  

<v2> t ~ a s  t - -  0 and,  t h e r e f o r e  c(t) - -  4-<v2). 

3: Keep ing  only the  f i r s t  m e m b e r  in the  expans iof i  (21) of the  d i f fus ion  flux, we obta in  

OP (t, r____~) = Dz (t) : -v*P (t, r). (28) 
Ot 

Thi s  a p p r o x i m a t i o n  c o r r e s p o n d s  to  the  a p p r o x i m a t i o n  of the  p a r t i c l e  ve loc i t y  by  a G a u s s i a n  r a n d o m  p r o c e s s  
fo r  which  Dn(t)  = 0 fo r  n > 2 a c c o r d i n g  to  (20). Such an  a p p r o x i m a t i o n  is p o s s i b l e  for  the  d e s c r i p t i o n  of 

B r o w n i a n  mot ion .  

T h e  g e n e r a l i z e d  Langev in  equa t ion  [17] 

* F o r  e x a m p l e ,  a lump s e l f ' d i f f u s i o n  m e c h a n i s m .  

96 



t 
dv(t) 

~ ~ ( t - - t ' ) . v ( t ' ) d t '  § F( t )  
dt 

0 

can  be  u s e d  to  e x a m i n e  the  d i f f u s i o n  of B r o w n i a n  p a r t i c l e s  in  a f lu id  s u b j e c t e d  to  h y d r o d y n a m i c  f l u c t u a -  
t i o n s .  The  e x p r e s s i o n  fo r  the  a t t e n t u a t i o n  m a t r i x  fo l lows  f r o m  the  f l u c t u a t i o n - -  d i s s i p a t i o n  r e l a t i o n s h i p  

( F (t) F (t') } = ( vv } �9 qo (t - -  t'). (30) 

If  F(t)  i s  a s s u m e d  a G a u s s i a n  p r o c e s s ,  t hen  i t  fo l lows f r o m  (29) tha t  v(t)  is  a l s o  a r a n d o m  G a u s s i a n  
p r o c e s s ,  and (28) i s  v a l i d  in  th i s  c a s e .  Le t  us  p r e s e n t  the  r e s u l t  of c a l c u l a t i o n  D2(t) fo r  an  i s . t r o p i c  

�9 m o d e l  by  s e t t i n g  ( F ( t ) F ( t ' ) }  = ( ( v 2 } / 3 ) ~ 0 e x p  ( - t / T c ) ,  i . e . ,  by  c o n s i d e r i n g  the  p r o c e s s  F( t )  a M a r k o v  p r o -  
c e s s  

D2 (t) = 5 ( v~ } e -~  27e~t - -  27 ch • -=- sh • , (31) 
3 7 2  • • 

w h e r e  7 = 1 / 2 T c ,  n = f 7 2  - -  ~0. F o r  r c ~ 0, ~0 ~ oo, Vc~0 = Vv = cons t ,  which  c o r r e s p o n d s  to a p p r o x i m a -  
t i ng  F(t)  by  a 5 - c o r r e l a t e d  p r o c e s s ,  the  known e x p r e s s i o n  ob ta ined  in  the  i n v e s t i g a t i o n  of the  in f luence  of 
i n e r t i a l  e f f ec t s  on B r o w n i a n  d i f fu s ion  [18, 19] 

D2 (t) = 5" (v~----~) % (1 - -  e - t /~)  (32) 
3 

fo l lows  f r o m  (31). F o r  t > TvD2(t) = ~Tv((V2}/3) and  (28) goes  o v e r  in to  the  K r a m e r s - -  Smo luc how sky  
equa t ion .  T h e r e f o r e ,  the  cond i t ions  fo r  a p p l i c a b i l i t y  of t he  a s y m p t o t i c  d i f fu s ion  equa t ion  in  the  B r o w n i a n  
m o t i o n  c a s e  do n o t c o n s t r a i n t h e  a n a l y s i s  to  s m a l l  v o l u m e s  of c o o r d i n a t e  s p a c e .  Let  us  note  tha t  a l l  the  
c o e f f i c i e n t s  d n in the  " n o n - M a r k o v "  r e p r e s e n t a t i o n  of (28) a r e  not z e r o .  

4. Now, le t  us e x a m i n e  the o p p o s i t e  p h y s i c a l  s i t u a t i o n  which  r e s u l t s  in  dn  = 0 fo r  n > 2 in  a "non-  
M a r k o v "  f o r m  of the  d i f fu s ion  equa t ion .  In the  o n e - d i m e n s i o n a l  c a s e  th i s  s i t u a t i o n  i s  r e a l i z e d  by  a p p r o x i -  
m a t i n g  v(t)  by  a M a r k o v  r a n d o m  p r o c e s s  wi th  two s t a t e s ,  - - v  and v.  We s e e  by  d i r e c t  s u b s t i t u t i o n  tha t  only 
the  f i r s t  m e m b e r  i s  h e n c e  r e t a i n e d  in  (15), and  

t j. , ](t, x ) = - - v  z e_t,/% O P ( t - - t ,  x) dr'. (33) 
Ox 

o 

In th i s  c a s e  the  equa t ion  for  P(t ,  x) i s  a h y p e r b o l i c  d i f f u s i o n  equa t ion .  The  t h r e e - d i m e n s i o n a l  m o d e l  r e -  
s u l t i ng  in the  g e n e r a l i z a t i o n  of (33) is  r e l a t e d  to  a M a r k o v  l ump  p r o c e s s  v(t) whose  d i s t r i b u t i o n  s a t i s f i e s  a 
l i n e a r  equa t ion  of B o l t z m a n n  type  with  a t r a n s i t i o n  p r o b a b i l i t y  d e n s i t y  p e r  uni t  t i m e  of the  f o r m  

(v, v')= 1 ~t(v--v')  1 Z S ( n - - n i ) '  (34) W 
-Tv['/2 Y i 

w h e r e  n is  the  uni t  v e c t o r  in  the  d i r e c t i o n  v, n i - -  a r e  the  e igh t  d i r e c t i o n s  f r o m  the  c e n t e r  of a cube to  
i t s  v e r t i c e s .  Th i s  m o d e l  d e s c r i b e s  p a r t i c l e  m o t i o n  with  a cons t an t  v e l o c i t y  and a n i s o t r o p i c  d i s s i p a t i o n  
with equa l  p r o b a b i l i t y  in  the  e igh t  d i r e c t i o n s  n i .  Us ing  the  M a r k o v  p r o p e r t y  of t h i s  p r o c e s s ,  t he  p a r t i c l e -  
v e l o c i t y  c o r r e l a t i o n  func t ions  and the c o e f f i c i e n t s  dn(t) can  be  c a l c u l a t e d .  The  d i f f u s i o n  equa t ion  h e n c e  
ob t a ined  is  not i n v a r i a n t  r e l a t i v e  to  r o t a t i o n s  of the  c o o r d i n a t e  s y s t e m ,  which  is  a r e s u l t  of a n i s o t r o p y  of 
t he  d i s s i p a t i o n .  In a c o o r d i n a t e  s y s t e m  whose  a x e s  a r e  p a r a l l e l  to  the  e d g e s  of the  cube r e l a t e d  to  the  d i -  
r e c t i o n s  ni,  d2(t) = 5 (v2/3)e- t /Vv,  dn(t) = 0 for  n > 2. Hence ,  in  th i s  c o o r d i n a t e  s y s t e m  the  t h r e e - d i m e n -  
s i o n a l  equa t ion  

O~P OP v 2 
% - -  %AP (35) 

OP Ot 3 

i s  v a l i d .  U n d e r  a p p r o p r i a t e  i n i t i a l  cond i t i ons ,  (35) d e s c r i b e s  f r e e  p a r t i c l e  m o t i o n  a t  the  v e l o c i t y  v /  
a long  each  of the  t h r e e  i s o l a t e d  s p a c e  d i r e c t i o n s  a t  the  t i m e s  t << rv .  Hence ,  P(xi)  = ( /2 ) [5 (x i  ~ v ~ / ~  
+ 5 (x i + vt/4"-3)]. At  the  s a m e  t i m e ,  s p h e r i c a l l y  s y m m e t r i c a l  s o l u t i o n s  of the  wave  equa t ion  do not d e -  
s c r i b e  f r e e  mot ion ,  a n d ,  t h e r e f o r e ,  (35) cannot  be  r e l a t e d  to  the  m o d e l  of m o t i o n  with  a cons t an t  v e l o c i t y  
fo r  t < TV and in the  p r e s e n c e  of s p h e r i c a l  s y m m e t r y .  The  s t o c h a s t i c  m o d e l  of m o t i o n  with  a cons t an t  
v e l o c i t y ,  which  a d m i t s  of the  s p h e r i c a l l y  s y m m e t r i c  d i s t r i b u t i o n  r (t), i s  d e s c r i b e d  by  a s i n g l e - v e l q c i t y  
t r a n s p o r t  equa t ion  wi th  i s . t r o p i c  s c a t t e r i n g  [20] and r e s u l t s  in  the  fo l lowing  f o r m  of the  coe f f i c i en t  dn(t ) :  
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u2n 
d2n (t) - -  t2n'2e --I/~ rill [( -- I~ i'112n-2•, d2rL+ ~ ~0 ,  

(2n - -  2)! 

where  [If(-,) = (1/4~) ~ d~qf(h): Taking account  of just  d2(t) resu l t s  in an equation of type (35) invar iant  

r e l a t ive  to rota t ions;  however,  there  is no foundation for neglecting the remaining coefficients for  t ~ rv  
in this case .  
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